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Abstract 

We study scattering of the electroweak gauge bosons in 5D warped models. Within 
two different models we determine the precise manner in which the Higgs boson and 
the vector resonances ensure the unitarity of longitudinal vector boson scattering. We 
identify three separate scales that determine the dynamics of the scattering process 
in all cases. For a quite general background geometry of 5D, these scales can be 
linked to a simple functional of the warp factor. The models smoothly interpolate 
between a 'composite' Higgs limit and a Higgsless limit. By holographic arguments, 
these models provide an effective description of vector boson scattering in 4D models 
with a strongly coupled electroweak breaking sector. 



1 Introduction 



The mechanism of electroweak symmetry breaking is still unknown. Within the SM, elec- 
troweak symmetry is broken by the condensation of a weakly coupled elementary scalar 
field, the Higgs field. This simple mechanism is consistent with electroweak precision mea- 
surements if the mass of the Higgs boson is within the range 100 — 200 GeV. However any 
such fundamental scalar that is much lighter than the SM cut-off is unnatural as there is 
no symmetry protecting its mass. 

There are two primary approaches to solving this hierarchy problem of the SM. The 
first, supersymmetry, provides a rationale for elementary scalars and protects the Higgs 
boson masses from large quantum corrections. The simplest implementation - the MSSM 
- ensures perturbative physics up to the Planck scale and provides several interesting 
predictions at the TeV scale. Unfortunately it is not free from some residual tuning of 
parameters once experimental constraints are imposed. 

A radically different idea is that a new, strongly interacting, sector provides a TeV 
scale cut-off to the SM. One can envisage Higgsless electroweak symmetry breaking that 
is generated in a manner similar to the chiral symmetry breaking in QCD. The longi- 
tudinal components of the W and Z bosons are provided by three Goldstone bosons of 
the strongly interacting sector. However breaking electroweak symmetry with a strongly 
interacting sector does not necessarily lead to a Higgsless theory. It is also possible to 
construct models in which the full Higgs doublet emerges as a composite particle. An 
interesting subset of such models are those in which the composite Higgs doublet arises as 
a pseudo- Goldstone boson of some spontaneously broken approximate global symmetry of 
the strongly interacting theory. 

Strongly interacting theories are notoriously difficult to handle in four dimensions. It 
has been suggested [Ij, however, that they may have a 'holographic dual' description in 
terms of a 5D gauge theory in a warped background [2]. Modelling strong interactions by 
5D theories has become a useful tool, allowing for quantitative studies of both QCD [5] 
and electroweak symmetry breaking [1[ [5] . 

It is well known [6], and has been recently emphasised in [71 [8] that scattering of 
longitudinally polarized W and Z bosons may be used as a probe of the dynamics that 
breaks electroweak symmetry. Therefore in this paper we use the calculation of the W 
and Z boson scattering amplitudes to analyse and compare different 5D descriptions of the 
electroweak symmetry breaking sector. 

It is interesting to systematize the phenomenology of this holographic approach. In 
this paper we extract the common features that show up in in gauge boson scattering that 
are independent of such details of the model building as the symmetries of the strongly 
interacting sector or the warp factor describing the 5D geometry. The recurring feature is 
the appearance of three distinct physical scales: 

• v: the electroweak breaking scale that sets the mass of W and Z. 

• fh- the scale that sets the compositeness scale of the Higgs, referred to as the Higgs 
decay constant. 



1 



• Mkk: the resonance scale that sets the mass of the first resonance . 

How these scales emerge from the 5D dual is a model dependent question. However, we 
show that the separation between these scales does not depend on the fine-grained details 
of the model. More precisely one can define a simple functional, which we call the volume 
factor, that depends on the size and the geometry of the 5th dimension. The volume factor 
fixes the ratio fh/M^K and, in the Higgsless case, also v/Mkk- The same volume factor 
also fixes A/Mkk where A is the strong coupling scale at which the 5D effective description 
breaks down. 

We discuss in some detail how the aforementioned scales show up in the gauge boson 
scattering amplitudes. In the Standard Model the exchange of a Higgs boson cancels the 
divergent behaviour of the four point gauge boson vertex. This cancellation is not main- 
tained in more complex models of electroweak symmetry breaking. As can be expected, 
the violation of unitarity is associated with the scale fh that controls departures of the 
Higgs couplings from the Standard Model, while the full restoration of unitarity is post- 
poned until the resonance scale Mkk- We present quantitative results for the scattering 
amplitudes in two different 5D models. One is the model or ref. ^ describing a composite 
Higgs emerging from a strong sector with the 5*0(4) custodial symmetry. The other is the 
model of ref. [5] describing a pseudo-Goldstone Higgs from breaking 50(5) SO {A) by 
strong interactions. 

We also consider the Higgsless limit of the 5D models. This is the limit where the Higgs 
boson decouples from the electroweak bosons and plays no role in restoring unitarity, even 
though it may remain in the physical spectrum. In this case the electroweak scale v becomes 
intimately tied to the geometry of the 5th dimension and equals fh- The Higgsless limit 
turns out to be particularly insensitive to the details of 5D modelling. 

The paper is structured as follows. In section [2] we review the unitarisation of the gauge 
boson scattering amplitudes in the SM. We employ the equivalence theorem that allows us 
to calculate the scattering in terms of scattering of the Goldstone bosons eaten by W and 
Z. This serves to highlight the role of the Higgs boson in the unitarisation and to fix our 
notation for the rest of the paper. In section [3] we discuss in general terms the manner in 
which strongly coupled electroweak sectors affect the longitudinal vector boson scattering. 
In section H] we turn to modelling a strongly interacting electroweak breaking sector using 
a 5D holographic dual. We investigate the 5D model proposed in [H] with the Higgs sector 
localized on the IR brane and custodial symmetry in the bulk. We calculate the couplings 
of the Goldstone bosons to the physical Higgs and to the resonances, and employ useful 
approximations that reveal a simple pattern in these couplings. In section [5l we repeat 
this program for a 5D model of the pseudo-Goldstone Higgs [5]. In section E] we collect the 
results of our quantitative studies and use them to calculate the precise form of the WZ 
scattering amplitude. We present our conclusions in section [71 Three appendices contain 
more technical details of our computations. 
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2 Gauge boson scattering in the Standard Model 

First we review the unitarisation of longitudinal gauge boson scattering in the SM. Here we 
use the equivalence theorem (ET) to calculate the scattering amplitudes via the Goldstone 
bosons fTO]. This serves to fix our notation, and to highlight the role of the Higgs boson 
in unitarising the amplitudes. 

The Lagrangian for the Higgs doublet is: 

C=\d,H\^-V{H^H) (2.1) 

We parameterise the Higgs fields non-linearly: 

H = -^i^ + h)u(^iy (2.2) 

where U = e( " = cos f — ) + i — 77-^ sin ( — 1 , G'^ = GaGa 



V J G \v 

where h is the physical Higgs boson, v is the Higgs vev and Ga are the three Goldstone 
bosons. Inserting this into our Lagrangian (12.11) we get: 



1 
2 

1 / h 



C = -{d^hf-V{h) 



2 V V 



2 



2 , sin {G/v) , 2 



[2.3] 



From this we acquire canonically normalized kinetic terms and the interaction terms of 
the Goldstone bosons and the Higgs boson that we need to calculate the scattering. The 
relevant terms are: 



Cg^ = ^{{Gad^GaY-id^GafG.G,) (2.4) 



Cc^h = ^{d.Gaf (2.5) 



To complete the picture we introduce the SU {2)lxU (l)y gauge fields. The bosons 
acquire longitudinal polarizations by eating the Goldstone modes = {Gi =F iG2)/\/2 
while the Z boson eats G3. Moreover, there appear three-point vertices involving gauge 
bosons: 

£= - tiG-d^G+ - G+d^G-)ig^A^ + gzZ^) 



t {Gsd.G- - G-d,Gs) gwW^ 



- i{G-id,G+ -G+d,G^)gwW; (2.6) 

where g^ = e, gz = (gl - g\)l2^g\ + g\, gw = 5-^/2 and gL, gy are the SM gauge 
couplings. 

The Higgs boson plays a crucial role in unitarising scattering processes in which the 
initial and final state particles are W or Z. Using the ET we can calculate the leading 
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order contribution to the relevant scattering processes using the following amplitudes for 
Goldstone boson scattering. Here we take the process WlZ^ — > WlZ^ as an example: 

t t t 

V t — m 



h 



t — s t — u 



-rw r + r (2-7) 

Via the ET, this amplitude corresponds to the amplitude for W^Zl W^Zl, up to 
terms 0{mw / E). The first term grows quadratically with energy. This leads to unitarity 
violation at high energies, unless it is cancelled by the term from Higgs boson exchange 
that follows. Therefore the presence of a sufficiently light Higgs boson restores unitarity 
in the theory. The last term from the W boson exchange is irrelevant to the discussion of 
quadratic divergences as it contributes no growing term, but we have included it for later 
convenience. 



3 Parameterising strongly coupled electroweak sec- 
tors 

We now go on to examine the question of the unitarity of gauge boson scattering in theories 
with an extended electroweak sector. In the SM unitarisation of the gauge boson scattering 
amplitude relies on the cancellation between the quartic Goldstone vertex and the Higgs 
exchange diagrams. This requires a precise correlation between the quartic Goldstone self- 
coupling and the Higgs- Goldstone coupling. In the following we will discuss 5D models of 
electroweak symmetry breaking and investigate how they affect this correlation. 

Since 5D warped physics provides a holographic description of strongly coupled theories, 
we expect that deviations from the SM scattering amplitudes will depend directly upon the 
compositeness scale of the Higgs boson, which we denote as fh- The composite structure 
should reveal itself in modifications of Higgs-Goldstone couplings by terms of order 
We thus expect the couplings to have the form: 

C-G^h = 9H-{d,G-f (3.1) 

V 

where qh = ^ — 0{v'^/fl). For gh < 1 the Higgs boson on its own cannot unitarise the 
scattering of the gauge bosons: 

Mg+g^^g+g^ ~ 4 ~ dl-'^ . ^ 2 (3-2) 

Above the scale of the Higgs mass we obtain J^g+g^-*g+g^ ~ fh- The amplitude con- 
tinues growing up to Mkk where some other physics (e.g. vector resonances) must restore 
unitarity. The Higgless case corresponds to gh = 0. 

As recently discussed [7], this kind of behaviour is expected on purely low energy 
grounds if the Higgs doublet arises as a pseudo-Goldstone boson. Consider the case of 
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5*0(5) broken to 50(4) where we identify the remaining 50(4) with the approximate 
SU{2)l X SU{2)fi custodial symmetry of the SM. The four Goldstone bosons are identified 
with the Higgs doublet. The Lagrangian at lowest order is: 



(l/2)9^f/^9^[/ 



(3.3) 



with U parameterising the Goldstone bosons: 



U = fh exp 



tV2HaTa 
fh 



) 




(3.4) 



Here Tq are the four broken generators of 5*0(5) and Ha are the four Goldstone bosons of 
the broken symmetry that we identify with the Higgs fields. Finally, fh is the scale of the 
global symmetry breaking. The Higgs field gets a vev (-^4) = v. The electroweak breaking 
scale is related to its vev by f = fhsm{v/fh)- 

To calculate scattering amplitudes we need to extract the three point couplings of two 
Goldstone bosons to the Higgs boson. Parameterising the Higgs field as in eq. (12.21) and 
expanding the lowest order Lagrangian we find the relevant Higgs-Goldstone couplings: 



Thus gh = cos{v / fh). The four-point couplings remain unchanged from (12.41) . There- 
fore, above the Higgs boson mass the WZ amplitude grows as ~ {l—cos'^{v/fh))t/v'^ = t/ f^. 
This is the simplest setup in which the non-unitary behaviour is encountered, irrespectively 
whether the high-energy UV completion that restores unitarity is perturbative or strongly 
coupled. 

In the following sections we shall study 5D warped models from the point of view of 
gauge boson scattering. We will find similar qualitative behaviour, even when the Higgs 
is not a pseudo- Goldstone boson. We will also study in detail how the vector resonances 
restore unitarity of the scattering amplitudes. 

4 Holographic composite Higgs 

We first consider a 5D theory with the gauge symmetry SU (3)c x SU (2) l x SU (2)/j x U{1)x 
and the Higgs field on the IR brane, which was proposed in ref. [9]. The limit where 
the brane Higgs vev goes to infinity corresponds to the Higgsless theory of ref. [TT] . 
The rationale behind extending the SM f/(l)y to SU{2)r x U{1)x is to avoid excessive 
contributions to the T parameter P, |12] . 

The 5th dimension is warped with a gravitational background described by the line 
element: 



where a{x^) is a warp factor normalized such that a(0) = 1. The 5th dimension is bounded 
by two branes, an IR brane at X5 = L and a UV brane at X5 = 0. The choice a{x^) = 1 




(3.5) 



ds"^ = a^{x^)rj^ydx'^dx'^ — dxl 



(4.1) 
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corresponds to flat space, whereas 0(2:5) = e~ corresponds to AdSs. We do not specify 
the warp factor in what follows other than to require that it generate a sufficient hierarchy 
between the UV and the IR brane: a{L) = <^ 1. Moreover, we will assume that the 
size L of the extra dimension is large in the sense L^^^^ 3> 1. This is typically the case in 
backgrounds that solve the hierarchy problem such as AdS5. The significance of this last 
assumption will become clear in the following. 

We allow the gauge bosons to propagate in the bulk, while the Higgs sector is confined 
to the IR brane. On the UV brane we explicitly break the gauge symmetry down to the 
SM gauge group. 

This set-up can be interpreted as an effective description of a 4D theory with funda- 
mental SM gauge bosons and a strongly coupled electroweak symmetry breaking sector 
with a global SU{3)c x SU{2)l x SU{2)r x U{1)x symmetry. The IR brane Higgs boson 
is interpreted as a composite of the strongly interacting sector. 

The 5D action for the electroweak sector is: 

S — j d'^x J dx5^/g i^ — -Tr {LmnLmn) — -^"^^ {RmnRmn) — -^XmnXmn^ 

+ J d^xdx.^^SiL) ^Tr \D^^f - y($t$)^ (4.2) 

where Lmn and Rmn are the SU{2)l^r gauge fields respectively, Xmn are the U{l)x 
gauge fields and $ are the scalar fields that we identify with the Higgs. The dimensionful 
couplings of SU{?>)c x SU{2)l x SU{2)r x U{1)x will be denoted as Ql^/L, QR^fL and 
gx'/L. 

The Higgs field acquires a vev ($) = a]^^vl2x2 that spontaneously breaks SU{2)l x 
SU{2)r — > SU{2)v on the IR brane. We separate out the physical Higgs boson from the 
Goldstone bosons by parameterising the Higgs boson non-linearly: 



with U — exp 



al^ {v + h)U 



G \ .GaCTa . I G 

COS I — M- I — - — sm — 
V G \v 



(4.3) 



where G^ = GaGa and h is the physical Higgs boson. From the covariant derivative of the 
Higgs field we get the quadratic terms: 



d^Ga 



{gLL^^a — gRRti,a) 



(4.4) 



These terms provide a kinetic term for the Higgs boson and the Goldstone bosons as well 
as a brane mass term for the gauge bosons. They also introduce the mixing between the 
Goldstone bosons and the gauge bosons. 
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4.1 Mass eigenstates 

The dynamics of the model can be neatly studied in the mass eigenstate formalism intro- 
duced in [131 [12] ■ We expand the 5D fields in the mass eigenstate basis: 

R;{x,x,) = A^,„(a;)/^,„(X5) Rt{x,x,) = Gr.{x)fl^{x,) 

Gnix) = Gn{x)fn (4.5) 

where the index n runs over all mass eigenstates in the theory. The profiles fn{x^) will 
be chosen such that the gauge bosons are indeed mass eigenstates. The Goldstone profiles 
fn{x^) will be chosen such that G„ becomes the Goldstone boson corresponding to the 
massive eigenstate A^j_^n- In other words, the goal is to rewrite the quadratic part of the 
5D action as a 4D action that is diagonal in n: 

85= / rf'^x ^ I ~{df,At,^n - dyA^^riY + ]j{.d^Gn - rrinA^^nY I + interactions . (4.6) 

In this way, there is no tree-level mixing between the light modes and the heavy KK 
modes, even in the presence of electroweak symmetry breaking on the brane. This is 
different from the more common approach, where the KK expansion is performed in the 
absence of electroweak symmetry breaking, and the electroweak symmetry breaking leads 
to mixing of zero modes with KK modes. 

We also retain the Goldstone degrees of freedom. The Goldstones, G^, allow us to 
maintain explicit gauge invariance in the presence of the mass term for the vector A^^n- 
Keeping Goldstones is convenient as, via the equivalence theorem, scattering of longitudi- 
nally polarized vector bosons A^^^ is equivalent to scattering of 

In order to end up with the diagonal action (14. 6 p the profiles fn{,x^) must satisfy: 

1. The equation of motion 

[d^{a^d,) + ml]Ux^) = ^ (4.7) 



2. The orthonormality condition 



L 

fniy)fmiy) = 5nm (4. 







3. The UV boundary conditions: 



d^flniO) = a = 1,2, 3 
A,n(0) = ^ = 1,2 

S.d5fRniO)+Cccd5fxA^) = 



9x 



-cJlniO) + sJxA^) = = f (4.9) 

V9x + 9r 
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which break SU{2)r x U{1)x down to f/(l)y0 
4. The IR boundary conditions 

d,fx,n{L) = 

QRdJl^iL) + g^dJl^iL) = 

9Ld,rUL) - 9Rd,rR,niL) = -\{gl + gl)al^Lv\gLflSL) - gnflniL)) 

fn = ^ {dLfldL) - gnflniL)) (4.10) 



Finally, the Goldstone profiles are determined by the gauge profiles, 

fnix^) = m'^d^fnix^), for m„ 7^ 

/„ = 0, form„ = (4.11) 

To calculate the explicit form of the profiles /„, we solve the equation of motion such 
that it satisfies the conditions (2)-(4). Instead of solving it in a specific background it 
is more convenient to proceed in a background independent fashion. The equation of 
motion is second order so it has two independent solutions that correspond to warped 
trigonometric functions C(a;5,m„) and 5'(a;5,m„)El We have freedom to choose them such 
that they satisfy C(0,m„) = 1, S"(0,m„) = m„, C"(0,m„) = 5(0, m„) = 0. Then the 
profiles can be succinctly written: 

fR,ni^5) = a*R,„5(x5,mn) 

fR,ni^5) = <yN,nSxC{x5,mn) - aD,nCxS{x5,mn) 

fx,n{x^) = aN,nCxC{x5,mn) + aD,nSxS{x5,mn) (4.12) 

In this way, the profiles satisfy the UV boundary conditions (14.91) . Inserting these 
expressions into the IR boundary conditions fl4.10p we obtain relations between the nor- 
malization constants a;„. We also obtain the quantization condition that factorizes as 
Fy\/{m)F^{'m)Fz{m) = 0. This gives rise to three separate classes of solutions that we refer 
to as the W, 7 and Z towers (because the lightest solution will be identified with the W, 
the photon and the Z, respectively). The quantization conditions for these three towers 



^The linear combination — s^R^ + CxX^ survives on the UV brane and its zero mode is identified 



with the hypercharge gauge boson. couples to matter with the coupling gy = gxgnl \/ dx + 9r ^"^'^ 
the hypercharge depends on the SU{2)r x U{1)x quantum numbers via Y = t\ + X. 

^The properties of warped sines S and cosines C are discussed at more length in [Appendix A In 



the flat space they are the well-known trigonometric functions, while in AdSs they can be expressed as 
combinations of Bessel and Neumann functions, see eq. (jA.Sp . 
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read: 



= S'{L,mw,n)C'{L,mw,n) 








+ 



+ 



-2 T ~2 



{glS'{L, mw,n)C{L, mw,n) + mw,n)C'{L, mw,n)) 



S'{L,mz,n)C'{L,mz,n) 



(4.13) 
(4.14) 



^ {glS'{L, mz,n)C{L, mz,n) + gRS{L, mz,n)C'{L, mz,n) + mz^naL^gV) 



4 



(4.15) 



We give the exact profiles in Appendix B In the main body of the paper we restrict 
ourselves to approximate expressions that are sufficient for our purposes. 



4.2 Scales 

From the quantization conditions fl4.13l) - fl4.15p we can extract the mass spectrum. The 
model contains a tower of resonances starting at ~ Mkk wher^ 

Mkk = -jir^, - ™'(^) (4.16) 

Jo « yy) 

There are two exceptions. Firstly, as U{l)em is unbroken, there is always a massless 
vector boson - the photon. Secondly, there can be further states with masses parametrically 
below Mkk that are identified with the W and Z bosons. In eq. (lA.Sp we calculate their 
masses by expanding the warped trigonometric functions in eq. (14.131) . (I4.15P at small m. 

From these general results, we now consider two explicit limiting cases. First consider 
the limit where v ^ Mkk- In this case the quantization conditions (14.130 and (14.150 are 
dominated by the second term. In such a limit we obtain 

where the scale fh, called the Higgs decay constant, is fixed by the geometry of the 5th 
dimension: 

fl = (4.18) 

H9l + gl)Ioa-'iy) 

Thus in this limit v and, as we will see later, gh = Therefore the Higgs plays no 
role in unitarising the gauge boson scattering, though it remains in the spectrumo We 
refer to this limit as the Higgsless limit. 



^ The scale Mkk gives the parametric dependence of the mass of the hghtest vector resonances. In 5D 
Minkowski the first KK photon mass is exactly equal to Mkk, while in AdSs it is approximately O.SMkk- 
Generically, in this limit we expect the Higgs boson to be heavy, mu ^ v, but if its self-coupling is 
very weak it may remain light. 
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If we take gi ^ Qr, we get: 



,2 4M2j, ,,_La\L) 



9if . - ^ V ^ (4.19) 

We have introduced the geometric factor V that we call the volume factor. In the 
Higgsless limit we need the volume factor to be large, otherwise there is no separation 
between v and Mkk- Such a case is ruled out by searches for light resonances. In flat 
space we get V = 1. In contrast, within the Randall- Sundrum AdSs setup it is V = /cL ~ 
log(Mpi/MKK) ~ 30. As discussed in [12], we expect V to be large if the 5D set-up is to 
solve the hierarchy problem. 

The volume factor could be made arbitrarily large by an educated choice of the 5D 
geometry. Note however that consistency arguments set an upper bound, V ^ IGvr. Oth- 
erwise, the resonance scale would be pushed above 1 TeV and the gauge boson scattering 
would get strong before the vector resonances set in to restore unitarity. 

Now consider the opposite limit in which v <^ Mkk@ In this case gh ^ 1 and the Higgs 
boson is SM-like. We refer to this limit as the Higgs limit. Once again, this allows us 
to obtain the desired scale separation v <^ Mkk- For w/Mkk <^ 1 the electroweak gauge 
boson masses are approximately given by 

< - ^ ml - (4.20) 

4 4 cos^ Ow 

Thus, the electroweak scale in the Higgs limit is simply v ^ v. More precisely, the relation 

between the two scales is of the form v'^ ^ v"^ (^l — j . The scale fh that appears in 

this relation is the one defined by eq. (14.181) . Although in the Higgs limit fh enters in a 
rather intricate way, it will turn out to play an important role in describing the W and Z 
scattering. 

Summarizing, the following three scales have emerged: the electroweak scale v, the 
Higgs decay constant fh and the resonance scale Mkk- The separation between fh and 
Mkk is set by a geometric quantity we call the volume factor. In the Higgs limit the 
electroweak scale can be adjusted to be smaller than fh, while in the Higgsless limit v and 
fh coincide. 



4.3 Goldstone bosons 

The important input for calculating gauge boson scattering amplitudes are the profiles of 
the Goldstone bosons G~^, G~ and that are eaten by the physical W^, W~ and Z 
bosons respectively. In general, they are linear combinations of L5, R^, X5 and G. The 
exact profiles are given in eq. (IB. 140 . To leading order in mt^/MKK, these profiles can be 

^The condition v <C Mkk is a postulate, but in general this input is a consequence of some unspecified 
dynamics that gives rises to the boundary Higgs potential. We take v /Mkk as a free parameter and set it 
to be small but getting to generate v/Mkk < l/47r would typically require fine-tuning. 
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concisely described in a background independent way. With the help of eq. (lA.Sp we find 

flw ~ ^niwx^a-^ixr,) 

VLgL 



fiv ^ I (4.21) 

V 

flz ^ \=mwx^a~'^{x^) 

fR,z ~ -j=— {slx5 + clL)mwa-^{x5) 

- tanOw -2/ \ 

fx,z ~ c^—^=- (X5 - L) mwa (xg) 

fl ^ I (4.22) 

In the Higgs limit, v ^ v and the Goldstones reside mostly on the brane. In the Higgsless 
limit, V V and the Goldstones live mostly in the bulk, though for warped metrics they 
are still sharply localized at the IR brane due to the a~^(x5) profile. 

With this information, we can read off the quartic self-couplings of the Goldstones and 
the Higgs-Goldstone couplings. We find 



= --^{d.G'^yG' + -^{d.G^G^' (4.23) 



Cc^h = ^-^Kd.G^f (4.24) 

where gt = v^/v^. Thus, ^f/j ~ in the Higgsless limit, while (^/i ~ 1 in the Higgs limit, as 
indicated before. 



4.4 Couplings of resonances 

To calculate the total gauge boson scattering amplitude we need to calculate the coupling 
of the Goldstone bosons to the resonances. The Goldstones interact with the charged and 
neutral resonances via the triple vertices: 

^G^A = -i{d^G^G' - d^G~G^)gN,nAf,^n 

+ {-2(9^G-G=^-9^G=^G^)(7c,nW+„ + h.c.} (4.25) 

where stands for neutral bosons 7, Z and C stands for the charged W. The resonance 
couplings gn can be found by inserting the Goldstone and resonance profiles into the inter- 
action terms in the 5D action. In order to somewhat simplify the resulting expressions we 
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set gi = qr. Furthermore, the Goldstone profiles are locahzed toward the IR brane. This 
results in the factor a~'^{y) showing up in the integrals. Therefore the integrals are domi- 
nated by the IR region and it is a good approximation to replace y ^ L in the integrands. 
This allows us to approximate the resonance couplings as 

gN,n ^ 9LmlL''' j\-\y) {flSy) + fRM) 
Jo 

+ \^gLt-,UlAL) + flAL)) (4.26) 



+ \^9Ll-,{fln{L) + Tr^AL)) (4.27) 
2 

The first term within the integral dominates the Higgsless limit, f <^ ?), when the Gold- 
stones live in the bulk. The second term dominates the Higgs limit, when the Goldstones 
live on the brane. For n corresponding to the electroweak gauge bosons we recover the 
Standard Model couplings g^. gw ^ gz ^ i ^ , g-y = e. For n corresponding the 

heavy resonances the results are collected in eq. ( IB. 181) . 

In order to estimate the resonance couplings we can employ the approximation ( ]A.6p to 
the profiles of resonances. The simple pattern that emerges is that all resonance couplings, 
gn, are parametrically enhanced with respect to the SM ones by a common factor: 

gn ~ VVgo (4.28) 

where V is the volume factor defined in eq. (14.191) and go is the SM coupling relevant for 
the given tower: gw, gz or g^. Since V ~ M^^/ fl, we get fngn ~ Mkk5'o- For go ^ I this 
coincides with the relation advertised in eq. (1) of ref. [7]. 

To make the discussion more quantitative, consider first the couplings of the charged 
resonances in the Higgs limit. In this case the quantization condition for the W tower 
( I4.13P reduces to C'{L,mw,n)S'{L,mwn) ~ 0. Thus, the mass eigenstates in the W tower 
split into Neumann- Neumann (NN) and Dirichlet-Neumann (DN) modes fIB.lOp : 



(NN): fl^ ^ ^ ^^C{x„mw,n; ^^^^ C\L,mw,n) = (4.29) 

"o[ciy^^w,n)Y 

(DN): ^ . ^S{x,,mw,n) ^^^^ S'{L,mw,n) = (4.30) 



[Siy,mw,n)y 

For warped metrics, the UV boundary conditions are not relevant for the behaviour of 
the resonance profiles in IR (they only affect the light modes that are delocalized). More 
precisely, we have the relations 

C(L, m) ^ -mLS{L, m) C"(L, m) ^ -mLS'{L, m) (4.31) 
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that hold for m ~ Mkk- In consequence, the NN and the DN modes have approximately 
the same masses and, from eq. fl4.27l) . couple with approximately the same strength to 
the electroweak Goldstone bosons. Thus, at the scale of the first resonance the Goldstone 
bosons couple to two almost degenerate charged vector states. Moreover, using the methods 
of [H], one can prove some remarkable sum rules. A profile satisfying the DN boundary 
conditions has the integral representation /„(?/) = Jo ly' fnijj")- Thus 

E ^ = E fn{L) f a- /' Uy") = f a- (4.32) 

„ "^n n Jo Jy' Jo 

where we have used the completeness relation Ylnfn{^)fn{y) = ^{x — y). For NN modes 
we get approximately the same sum rule, once the contribution of the SM W boson is 
omitted in the sum. Using these results we easily obtain 

E^«^ (4.33) 
This sum rule is typically dominated by the first two terms, so we find 

2 

9h,i ^ 9'w,2 ^ ^ (4.34) 

This is in accord with the parametric estimate fl4.28p . 

The Higgsless limit, although qualitatively similar, differs in several details. The W 
tower splits now into the vector and axial modes: 

fin - . ^^(^5,m^,.) ^^^^ p^^^^fl^ C7'(L,m^,„) = 

fin - . C{x,^^^,^) r^^^^-fl^ S{L,m^,^) = (4.35) 

2/„^[C(y,m^,„)]2 

From eq. (I4.27p . only the vector modes couple to the electroweak Goldstones. The sum 
rule now becomes 

At the scale of the first resonance only one vector state appears in the Goldstone scattering 
amplitude. Its coupling can be estimated as 

A, - (4.37) 
SO that it is slightly weaker than in the Higgs limit. 
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To complete the picture let us discuss the cutoff scale where the 5D theory becomes 
strongly coupled. From the parametric dependence of the resonance couplings we conclude 
the cutoff is fixed by the volume factor. We can estimate: 

An 

A ~ ^Mkk (4.38) 

We see the volume factor should not be larger than ~ IGtt. Otherwise, the first resonance 
would already be strongly coupled and the 5D description would not be meaningful. 



5 Holographic pseudo-Goldstone Higgs 

We move to another, closely related higher-dimensional setup. We consider a 5D SU {3)c x 
SO (5) X U{l)x gauge theory broken to SU{3)c x SU{2)l x f/(l)y on the UV brane, and 
to SU{3)c X 5*0(4) X U{l)x on the IR brane [5]. The larger symmetry group of the bulk 
allows us to accommodate the Higgs field as the 5th component of the gauge bosons. The 
Higgs field is massless at tree level due to 5D gauge invariance, but it acquires a potential 
at one loop. Thus, the origin of the light Higgs field is addressed in this set-up (rather 
than postulated, as in the previous one). In a fully fledged theory the Higgs field would 
acquire a vev dynamically through minimization of the Coleman- Weinberg potential. Here 
however, we will not study the dynamics that produces the vev, but simply assume it 
exists. Holographically, this setup again corresponds to the Standard Model coupled to a 
strongly interacting sector that breaks electroweak symmetry. The global symmetry of the 
strong sector is SU{3)c x 5*0(5) x U{l)x- 50(5) is spontaneously broken to 50(4) by the 
strong dynamics. The resulting pseudo-Goldstones are identified with the Higgs field. 

We concentrate on the 5*0(5) x U{l)x part with the gauge fields Am = A%^T^ and Xm- 
The dimensionful bulk gauge couplings are denoted as g\/L and gx\fL- The 5D action is 

^5D = j d'x £ dx,^ (^-lTr{AMivA^'^} - \xmnX''''^ , (5.1) 
5.1 Mass eigenstates 

We employ the mass eigenstate formalism for the KK expansion. We want to arrive at 
the quadratic action of the form (14. 6 p which is diagonal in the KK index in the presence 
of electroweak symmetry breaking. In contrast to the previous section there is an added 
complication of the vev which affects the quadratic terms in the action. The changes 
can, however, be simply taken into account by replacing with the covariant derivative 
D, = d,-tgVL[{A,),-]. 

We perform the KK decomposition, in the presence of the A^ vev: 

Af,{x,X5) = A^,„(x)/„(X5, (As)) A5(a;,X5) = (A5(X5)) + G„(x)/„(x5, (A)) 
X^(X,X5) = A^^nix)fx,n{x5,{^5)) X5(x, X5) = G„(x)/x,„(x5, (A5)) (5.2) 

where /„ = /^T". We split the S0{5) generators as = {Tl,T^,T^), a = 1...3, 
d = 1 . . .4, corresponding to SU{2)l and SU{2)ji subgroups and the 5*0(5)/5*0(4) coset. 
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Accordingly, we also split the gauge field Am = {Lm, Rm,Cm) and the profiles /„ = 

{,fL,m fR,ni fc,n)- 

Diagonalization is achieved when the profiles satisfy the following conditions: 

1. The equation of motion in the background: 

D^fn = dbfn - ig\fL[{A^{x^)) , /„] (5.3) 
satisfies the same equation with — > ^5. 

2. The normalization condition: 

' {Tr[/„(y, {A,))Uy, {A,))\ + f^{y, {A,))f^{y, {A,))} = 1 (5.4) 



3. IR boundary conditions: 

fULAA)) = 

D,rUL,{A,)) = 

DJl^m {A,)) = 

d,fxAL,{A,)) = (5.5) 
that break S0{5) x U{l)x to S0{4) x U{l)x. 

4. UV boundary conditions: 

d,ruo,{A,)) = 

s,d,fl,{0,{A5)) + c,d5fxA^,{M) = s - 



-c,/3 (0,(A)) + s,/x,„(0,(^)) = 



V9x + 9l 

9l 



V9x + 9l 

/^,n(0,(^)) = a = 1..4 (5.6) 

that break 5*0(5) x U{l)x to SU{2)l x C/(l)y, the hypercharge being a linear com- 
bination of SU{2)ji X U{l)x- The SM gauge couphngs are Ql — 9 and gy — /f^ 

The Goldstone profiles are chosen accordingly : 

/„(X5, {A,)) = m-'D,Ux,, {A,)) (5.7) 

In general, the profiles in the A^ background are related to the profiles at (^45) = by 
a rotation via the Wilson-line matrix, 

f„{x5,{A5)) = UJ~^{x5,{A5))fn{x5)uj{x5,{A5)), (5.8) 

where cu ^ P exp (^-igVlT" ' {A"^)^ (5.9) 
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and fni^b, (^5)) = fni^^)- The profiles fn{x^) satisfy the "normal" equation of motion, 
d^{a^d^fn) + 'm'i^fn = 0. Similarly, for the Goldstone profiles 

/„(x5, (A5)) = m~'^u~^{xr^, {A^))dr^fn{xr^)uj{xr^, (A5)) (5.10) 

In the following we choose the basis such that the vev resides in only one direction in 
the group space: 

(4) = ^=^^ (5-11) 
The profiles at zero vev can be written as 

fkni^^) = a'jiS{x5,mn) i = l,2 

fR,ni^5) = aNS^C{x5,mn) - aDC^S{xr^,mn) 

fx,n{xb) = aNCxC{xr^,mn) + ao s^S{x^,mn) 

fc,n{^5) = 45(x5,m„) (5.12) 

They satisfy the UV boundary conditions (15. 6p . The constants are obtained by imposing 
the IR boundary conditions. The solutions can be organized into two towers Wn, Wn 
of charged gauge bosons, and four towers 7„, of neutral ones. We list all the 

profiles in Appendix C Here we content ourselves with the quantization conditions: 

C"(L,mvi/,n)5'(L,mH/,„) + ^mvp'.nO^^sin^ 1^-^^ = S"(L,m^^„) = (5.13) 

cos^ 6wC\L, mz,n)S{L, mz,„) + ^mz^n^l^ sin^ (^y^ = S'{L, „) = (5.14) 

C'{L, m^,„) = S{L, mH,n) = (5.15) 

Only the masses in the W and Z towers are sensitive to electroweak symmetry breaking. 
The scale fh is once again defined in terms of geometric quantities: 

fh = 1 (5.16) 

This definition coincides with eq. M.lSp . once gi = Qr- In the present model fh appears 
as the symmetry breaking scale at which the global SO{b) is broken to SO {4). Its role in 
the W and Z scattering will turn out analogous as in the previous model. 



5.2 Scales 

The tower of heavy resonances begins at ~ Mkk (defined in eq. (14.161) ). In addition the 
setup can accommodate light vector states identified with the electroweak gauge bosons. 
There is always the photon with = 0. The lightest massive vector states in the W and 
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Z tower are identified with the W and Z bosons and can be parametrically hghter than 
Mkk- Finally, there are no light states in the remaining towers. Expanding the warped 
trigs in eq. (15.131) and eq. (15.141) for small masses we find the W and Z masses: 



« ^/^in'(^) (5.18) 

Thus we identify the electroweak scale as f ~ fhsin{v/fh). The separation between the 
electroweak scale and the resonance scale can be achieved in two separate limits. In the first 
case we assume a separation between the Higgs vev and the decay constant, sm{v/ fh) <^ 1. 
This is the Higgs limit. sm{v /fh) is a free parameter until we specify the dynamics that 
gives rises to the Higgs potential. One should be aware, however, that getting v/fh smaller 
than 1 typically requires fine-tuning. In the other limit, sin{v/fh) ~ 1. This corresponds 
to the Higgsless limit. Once again we need to separate fh from Mkk- The separation 
fh <^ Mkk is obtained in the 5D background with a large volume factor V. 

Summarizing, the three scales v, fh, and Mkk have emerged again. In the Higgsless 
limit V fh. In fact, in this limit the quantization conditions for the W and Z tower 
masses are exactly the same as in the previous model. The physics in the Higgsless limit 
is indistinguishable in these two models. 



5.3 Goldstone bosons 

To calculate the gauge boson scattering amplitudes we need to calculate the Goldstone bo- 
son profiles corresponding to W^, Z . The exact profiles are written in eq. (IC.33I) . Expanding 
these profiles in powers of and m| we find, at lowest order: 

fkw ~ -j=mwLa~'^{x5) 

fc,w ~ -7^ — . mwLa {X5) 5.19 

VL sm{v fh) 



flz ~ \=m.wx^a ^(xs) 

fR,z ~ ^{4^5 + clL)mwa-^{x5) 

J tan^vi^ / T\ -2t \ 

fx.z ~ — jy- (3^5 - L) mwa [x^] 
\JL 

-3 _ 1 y2cOs(^/A) 2. ^ ,.^r.. 
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Compared to the previous model, there are no boundary Goldstones. Instead their role 
is taken over by C^. The parameter controlling the distribution of the Goldstones is now 
sin({;///j). In the Higgs limit the electroweak Goldstone bosons are mainly composed of 
C5. In the Higgsless limit the electroweak Goldstones flow to L5 and R^. In all cases the 
Goldstones are sharply localized on the IR brane with the profile behaving as a~^. The 
self-interactions of the non-linearly defined Goldstones and the triple vertex with the Higgs 
boson are described by eq. fl4.24p with = cos{v / fh)^ In the Higgsless limit the physical 
Higgs decouples from the Goldstones but it remains in the physical spectrum. 



5.4 Couplings to resonances 

The couplings of the electroweak Goldstone bosons to the resonances are given in Appendix C 



In the following discussion we again make the assumption that the warp factor is steep 
enough close to the IR brane, so that we can replace y ^ L in all integrals. In such a case, 
the coupling of the vertices defined in eq. (I4.25P can be written as 

9c,n ^ QlL^V^ f\-'{fl^ + fl^] (5.21) 

9N,n ^ giL'/'ml, [ a-2{/|„ + /3 „} (5.22) 
Jo 

where C = W,W stands for charged, while = Z, Z, 7 stands for neutral (the vector 
bosons from the H tower do not couple to the electroweak Goldstones). The Standard 



r,2 _„2 



Model gauge bosons couple to the electroweak gauge bosons as gw ^ Ql/'^i 9z ^ ^) ^ , 

9l+9y 



= e. The resonance couplings depend on their profiles which we collected in [Appendix C 
Parametrically, we again observe an enhancement of the resonance couplings 



9n 



VVgo (5.23) 



where go is the coupling of the corresponding Standard Model gauge boson. Moreover, the 
couplings of the W and Z towers are also proportional to cos{v/ ft), so that they decouple 
from the electroweak Goldstones in the Higgsless limit. 

Consider first the couplings of the charged resonances in the Higgs limit. In this case the 
quantization condition in the W tower (15.131) reduces to C'{L, mw,n)S{L, mw,n) ~ 0. Thus, 
the mass eigenstates in the W tower split into Neumann-Neumann (NN) and Dirichlet- 
Dirichlet (DD) modes: 



(DD):/c,n ^ . ^S{x,,^w,n) ^^^^ 5(L,mH.,.)=0 (5.24) 



^Suppression of the WWh and ZZh vertices by cos{v / fh) was also pointed out in ref. [H 
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From eq. (15.211) . only the NN modes couple to the electroweak Goldstone bosons. The W 
tower has the profile of the DN type 

im--fkn - ^ J(^^^^w,n) ^^^^ ^'(L,m^,J = (5.25) 

As discussed before the NN and the DN resonances have approximately the same profiles 
and masses, therefore they couple with approximately the same strength to the electroweak 
Goldstone bosons. Thus, at the scale of the first resonance, there are two degenerate 
charged vector states. Moreover we obtain the following sum rules: 

"V,n „ ''''W.n ^Jh 



n 



The sum rules are typically dominated by the first term, so we get 

2 

2 2 ^^V^ 1 

9w,i ~ 9w,i ~ gj2 (5.27) 

With respect to gauge boson scattering, the Higgsless limit is indistinguishable from 
the previous model. The W tower decouples from the electroweak Goldstone bosons. The 
W tower splits now into the vector and axial modes: 

r ~ C{x^,mw,n) ri ri ^ _ 

JL,n ^ rjH JR,n ~ JL,n ^W,n) — U 

fin - . Cix„m^,.) ^^^^ f^^^^-fl^ SiL,mw,^) = (5.28) 



From eq. (I5.2ip . only the vector modes couple to the electroweak Goldstones. The sum 
rule now becomes 

(5-29) 

Thus, at the scale of the first resonance effectively only one vector state appears in the 
Goldstone boson scattering amplitude. On the other hand, its coupling is stronger than in 
the Higgs limit by the factor ~ ^/2■. 



9l, « ^ (5.30) 



6 Gauge boson scattering amplitudes 

We come back to discussing the scattering of longitudinally polarized electroweak gauge 
bosons. In the following we discuss the specific case W^Zl — >■ WlZ^. The other scattering 
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processes follow precisely the same logic. Quite generally, in the 5D models the scattering 
amplitude of the corresponding Goldstone fields has the form 



= - E^c,.. + ^) (6.1) 

t — mf^ ^ ' \u — s — m^J 

The sum runs over all charged vector boson states and gc,n denotes the couplings of the 
electroweak Goldstone bosons with the charged vector resonances. The first term comes 
from the self-interactions of the Goldstones and triple vertices with the physical Higgs 
boson, as in eq. (14.241) . In the 5D models we consider, the quartic coupling is always 
correlated with that of the Higgs- Goldstone coupling and is given by gl/v"^. 

From the Goldstone amplitude we can extract the dominant term in the scattering 
amplitude WlZ^ WlZ^. At energies above the my/ mass, but below the Higgs mass 
and the resonances scale, the amplitude contains the term that grows quadratically with 
energy: 

The second term is the contribution of the heavy charged resonances (the light W is omitted 
in this sum) that, at low energies, induce an effective four-Goldstone vertex. In fact, at this 
order the behaviour of the amplitude below the Higgs mass follows from the low energy 
theorems [16], M. ~ tj pv^. In our 5D models, p ~ 1 + 0{v^ IM^y) due to the custodial 
symmetry. We thus conclude that the amplitude must grow like tjv^. This tells us that 
the contribution of the resonances should adjust appropriately and there should be the 
sum rule 

gV^^^i^ (6.3) 

n>0 " 

There should also be an analogous sum rule involving neutral resonances. In several limiting 
cases, we have derived these precise sum rules through analytical calculations in 5D. 

At energies above the Higgs mass, the first term in eq. (16. ip does not contribute to 
the quadratic growth. The effective contribution of the heavy resonances remains. The 
amplitude can be approximated: 

1 - g2 

A^G+G3^G+G3 ~ mh<E <mi (6.4) 

If gh < I the amplitude still grows quadratically, but slower (unless we are in the Higgsless 
limit where gh = 0)- The quadratic growth is further softened around the first resonance 
mass. We can approximate 



M 




E ~ mi (6.5) 
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Above the first resonance the coefficient of the growing terms is diminished by 3gf/ml. 

In the model of Section H] with the Higgs on the brane we found Qh = (v/v)^. This 
imphes that (1 — gD/v"^ ^ 3/fl in the Higgs hmit, and (1 — qD/v'^ = l/v"^ ^ in the 
Higgsless hmit. Thus the growth of the amphtude below the resonance scale is controlled 
by the scale fh, although the coefficient varies depending on which limit we consider. In 
the model of Section [5] with a pseudo-goldstone Higgs boson we found gh ~ cos(?)///j). This 
implies (1 — gfD/v"^ ~ 1//^ both in the Higgs limit and in the Higgsless limit. 

In both models, unitarity is restored by resonances at the scale Mkk- How efficiently 
the restoration proceeds, depends on the coupling strength of the lowest lying resonance(s), 
which is clearly model dependent. Nevertheless, in the 5D models we have studied we were 
able to find useful approximations for these couplings. The results for general backgrounds 
were given in Section 14.41 and Section 15. 4[ In order to get some feeling about validity of 
our estimates we now present the exact results for numerical calculations in AdSs. 

We take the Planck/TeV hierarchy between UV and IR brane corresponding to a^^ = 
10^^. The volume factor is then V ~ fcL ^ 35, the KK scale Mkk ~ nkai, the decay 
constant gifh ~ 2kaL/VV- 

In the model of Section H] the masses of lightest resonances are found as 

mw,i ~ 0.77Mkk rnw,2 ~ 0.78Mkk (6.6) 

in the Higgs limit and 

mw,i ~ 0.78Mkk mw,2 ~ 1.22Mkk (6.7) 

in the Higgsless limit. In the Higgs limit we find the couplings gw,i ~ 8.2gw, gw,2 ~ ^-'^gw- 
Thus, at the resonance scale there are two almost degenerate vector states with comparable 
couplings to the electroweak Goldstone bosons. These two states saturate 66% of the sum 
rule fl4.33p . In the Higgsless limit the couplings are gw,i ~ —^-^gw: gw,2 ~ O-^gw, 
resulting in 96% of the sum rule fl4.36p being saturated by the ffist resonance. Thus the 
estimate below eq. fl4.36l) perfectly captures the coupling of the ffist resonance. W2 is the 
axial resonance and it approximately decouples from the electroweak Goldstone bosons. 
Avoiding violation of unitarity in the Higgsless limit requires Mkk ~ 1.5 TeV (that is 
mw,i ~ 1.2 TeV). Since Mkk ~ iry/Vmw ~ 1.5 TeV, the bound is saturated with the 
current choice of the hierarchy parameter a^^ ~ 10^^. 

In the model of Section [5] we find the masses of the lightest resonances 

mw,i ~ O.SMkk l ^ O.SMkk mw,2 ~ 1-2Mkk (6.8) 

where these masses are independent of the limit we consider. 

In the Higgs limit we find gw,i ~ —gw,i ~ —^-^^gw while gw,2 ~ 0. In the Higgsless 
limit the coupling gw,i ~ —^gw, while g^/ i = 0. In both cases, 95% of the respective sum 
rule is saturated by the ffist resonances. 

The picture that emerges in both models is that the scattering amplitude is almost 
entirely unitarized at the scale of the ffist resonance. A distinctive feature of the Higgs limit 
this is that there are two almost degenerate resonances that contribute to unitarisation, 
while in the Higgsless limit just one resonance does most of the job. 
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7 Conclusions 



New strong interactions as a cut-off to the SM are an interesting alternative to supersym- 
metry as an explanation of the origin of the electroweak scale. Before the LHC experiment 
tells us more about what nature has chosen, it is important to investigate the possible 
ways strong interactions could manifest themselves in the scattering of longitudinally po- 
larised vector bosons. This is necessary for staying tuned in to the experimental analysis 
for various options. 

We have studied models of electroweak breaking formulated in 5D warped space. By 
relying on the heuristic link to strongly interacting theories in 4D, or simply referring to 
5D models of electroweak symmetry breaking, we have a technical, perturbative, means to 
investigate the detailed dynamics of the longitudinally polarised electroweak gauge bosons. 

In this paper we have studied the dynamics of gauge bosons in two, previously pro- 
posed 5D models of electroweak symmetry breaking. Using the powerful mass eigenstate 
technique in a general background [12], [13] we have calculated the mass spectrum of the 
resonances and their couphngs, as well as the couplings of the physical 'composite' Higgs 
boson to the Goldstone bosons eaten by the W and Z gauge bosons. Thus we have ob- 
tained all the elements necessary for calculating scattering amplitudes of the longitudinally 
polarised vector bosons using the equivalence theorem. This allowed us to discuss the role 
of various contributions in unitarising these scattering amplitudes. 

Our explicit calculation in two very different models allows us to extract quite general 
features, hopefully common to any strongly interacting cut-off to the SM. These are, first 
of all, physical scales that emerge and characterise the gauge boson dynamics. We have 
identified four such scales: the electroweak scale v, the Higgs boson decay constant or 
equivalently the Higgs boson composite scale fh, the resonance scale Mkk and finally the 
cut-off scale A of the strongly interacting sector itself. Particularly interesting are the 
relative values of the scale v versus fh, and fh versus Mkk which fully determine the 
unitarity violation and restoration in the gauge bosons scattering amphtudes. 

Another interesting common feature of the two models is that they smoothly interpolate 
between the composite Higgs limit and the Higgsless limit, depending on the relative 
magnitude of the scales mentioned above. Thus we have explicit examples in which the 
strong dynamics is not as simple as is usually assumed in Higgsless models based on 
SU (2) X SU (2) SU (2) and the gauge boson dynamics may lie between the composite 
Higgs and Higgsless limits. It is interesting by itself that in the Higgsless limit we have 
identified a new class of Higgsless models where the scalar particle does not play any role 
in the unitarisation of the scattering amplitudes but remains in the spectrum. 

On the other side, our computations provide some insight into the phenomenology of 
gauge boson scattering. The picture that emerges from 5D models is very different from the 
expectations based on simple unitarisation procedures of the effective chiral Lagrangians 
|17j For example, we do not have any scalar resonances in the spectrum. Moreover, the 
number and properties of the low-lying vector resonances are quite constrained. 
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Appendix A Warped Trigonometry 

The equation of motion 

d5ia^ix,)d,fix,)) + z^fix,) = (A.l) 

has two independent solutions. Denote them C(x5,z) and S{x5,z). We choose them such 
their boundary conditions as 

C(0,z) = l C'{0,z) = S{0,z)=0 S'{0,z) = z (A.2) 

so that in flat space they reduce to the familiar cosine and sine. The Wronskian relation 

S"(x5, z)C{x5, z) - C'{x5, z)S{x5, z) = z a~'^{x^) (A.3) 

is the warped analog of sin^ + cos^ = 1. 

Integrating eq. (lA.ip twice, we obtain the integral representation of the warped trigs 



r^b ry 
C{x,,z) = 1-z' a-\y) / C{y',z) 
Jo Jo 

S{x,,z) = z a-\y)-z' a~\y) S{y\z) (A.4) 
Jo Jo Jo 

from which follows the expansion at small z: 

r^5 r^5 ry ry' 

Cix„z) = 1-z' ya-\y) + z' a-\y) / y"a-\y") + ... 
Jo Jo Jo Jo 

rx5 rx5 ry ry' 

Six,,z) = z a-\y)-z' a'^y) / a'^y") + . . . (A.5) 
Jo Jo Jo Jo 

For z and y such that z^/a^ ^ 1 we have another useful approximation. 

a~^{y) + 0Q,) 

S{x,,z) ^ -a-^'\x^)(3co^{z j^\-\y) + <Pp) (A.6) 

where the four real parameters a, /?, 0^, (pp are bound to satisfy /?Q;sin(0^ — 0^) = 
1. Moreover, for metrics highly warped toward the IR brane we have an approximate 



23 



relation z) ^ —zLS{L, z), C'{L, z) —zLS'{L, z) that follows from the perturbation 
expansion (lA.Sp . with y ^ L in the integrals. 



Let us see the warped sines and cosines in some particular, solvable backgrounds. 
For flat space, a(x5) = 1, we get the familiar trigonometric functions: 

C{xr,,z) = cos(2;a;5) S{xr,,z) = sm{zxr,) (A. 7) 

For AdSs we insert a(x5) = e~^^'^ and almost as easily solve eq. flA.ll) in terms of Bessel 
functions. The solution is a~^Zi{m/ka) (note also that [a~^Zi{m/ka)]' = za~'^ZQ{m/ka)) 
and we pick up the following combinations 



C{x5,z) 

S{X5,Z) 



TTZ 
TTZ 

2k 



Yn 



■h 



Ji 



ka(x^ 

(— 



Yi 



Yi 



ka{x^) 
z 



ka{x^) 



(A. 



1 _ fe^5 
7-1 



Another solvable background is that with a power law warp factor a[x^) - 

For 7 oo we recover the exponential warp factor of the RS model. The solutions to eq. 
(lA.ip can be written, similarly as in the AdSs case, in terms of the Bessel functions. 
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Appendix B SU{3)c x SU{2)l x SU{2)r x U{1)x: profiles 

and couplings 

We collect here various technical details concerning the model of Section 3. We list the 
profiles that follow from solving the boundary conditions on the IR brane. For the W tower 

/l,n = CtiY^nC{x5,mw,n) 

fi 9R C'{L,mw,n) n( \ 

aw^n)-^ = I dy { C\y, m^,^) + ^ ( "^^'"^ ) ' S\y, m^^n) } (B.IO) 



f r 1^2/ \ , 9r fC iL,mw,n 

/ dy<C [y, mw,n) + — -^jrj : 

Jo [ 91 \S'{L,mw,n 
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For the photon tower 



/! „ = sin 9 w 0!^,nC{x 5, rrin) 
fR,n = s^cos6'tya^,„C(a;5,m„) 

fx,n = COS 6w<y'r,nC{x5,mn) 



[a 



■y,nj 



dyC'^{y,mn) 



(B.ll) 



For the Z tower 

f3 



fL,n 
fR,n 

fx,n 



COS Owaz,nC{x5,mz,n) 

-s^ sm 9waz,nC [x^, mz,n) sm 9waz,nT^ ^ 

Sx S'{L,mz,n) 

-c^ sm 9waz,nC{x5, rrin) + sm ^wo:z,n _ (xg, mz,n) 



S{x5,mz,n) 



r dy lc\x„ mz,n) + 4 sin^ f X^.'""^'" 
Jo y si \S'{L,mz,n, 



, mz^nj 

2 



S'^{x5,mz,n) 



(B.12) 



The quantization conditions are given in eqs. (14.131) . (14.141) . (I4.15p . Expanding C and 
5" at small m allows to estimate the masses of W and Z. Including corrections of order 
v^/Ml^ we find 



m2 rv-." 
w ~ 



9lL~'j'j'y'a~\y')-girya~\y)-glLL-a~\y) 



10 JO 



^ 4 



id + 9l)L-' /o" /o' y'a-\y') - gl ya-\y) - glL a-\y) + gl J^' a-\y')] ) 

(B.13) 



From dimensional analysis one would expect the integrals in the above expression to be of 
order 1/M^j^. However, some of the integrals scale linearly with L, therefore they can be 
enhanced when the volume factor is large. In such a case, the corrections turn out to be 
Oiv^fl) rather than Oiv^M^^). 

The Goldstone profiles corresponding to W and Z are given by 

fL,W 
fR,W 

fw 



awm^C'{x5,mw) 
gn C\L,mw) 



my^,S\x^,mw) 



gL S'{L,mw) 
2 

-alC'{L,mw) 



-aw 



mw 



VLg 



(B.14) 
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fR,Z 



-s^smOwOiziriz C\x^,mz) -sinOwaz-^ 



C'{L,mz) 



S'{L,mz] 



rriz S {X5,mz) 



fx,z = -CxSmOwazmz C'{x5,mz) + CxSinOwaz-^ 



C'{L,mz) 



S'{L,mz] 



S'{x5,mz) 



fl 



-az 



-a\C'{L,mz) 



(B.15) 



The expansion of these profiles for small masses can be done with the help of eq. (lA.Sp . 
To lowest order in mw, rnz, we derive eq. fl4.2ip . 

The profiles serve to establish the couplings of the Goldstones to the resonances. Work- 
ing out the relevant terms in the 5D action the couplings to the neutral gauge bosons are 
given by 



9n,i 



while those to the charged gauge bosons 

,2 „i 



(B.16) 



^ dya-\y) [gLy'fUy) + f^L{sly + ^L)^ Jy) 



+ l^^^{g^fl^{L) + g^r^^^L)) 



(B.17) 



Due to the factor, the integrals are dominated by the behaviour of the profiles near 
the IR brane. Therefore it is sane to replace y ^ L under the integrals. Moreover, we set 
9l = Qr for simplicity. This yields 



gw,7 



gL^fl j\-\y) i^t.5{L)+mlrLa-\y)^ 
C{y,mw,n) - 5{g^^(l/,m^,„) 



'-^f^VI f\-\y) \\t,5{L)+ml.La-\y)] 

gl + Jo l^^ J 



C{y,mz,n) - 



C'{L,mz,n) 
S'(L,mz,n) 



S{y,mz,n) 



g^,i 



lo dy mn) + cos26'h/ ( g/j^;"") ) S'^iy.nin 



1/2 



(B.18) 
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Appendix C SU{3)c x 50(5) x U{l)x' profiles and cou- 
plings 



We move to the holographic model of a pseudo-Goldstone Higgs boson. Choosing the 



direction of the Higgs vev as (Af) — va ^/ W a^'^{y), the Wilson-line matrix is given by 



10 

10 

1 

cos 









— sm 



(C.19) 



^^{fh) ^°<7&) 
This yields the link between the profiles with zero and non-zero vev: 

fx{9) = fxixi) (C.20) 
Inserting this into the IR boundary conditions we can find the mass eigenstates. 

Charged 

The charged gauge bosons are combinations of and C^. In the charged sector 

we have two towers. In the one referred to as the W tower the masses do not depend on 
V. The quantization condition is simple: 





1 + cos{v/ f) 
2 




1 - cos(w//) 
2 




sm{v/f) ^„ 



This tower has the profiles: 



fR,n 
fc,n 



['^W,n) 



(Xw,n'^C0s{v/fh)S{x5, mw,n) 
-aw,n Sin(v/fh)S(x5,mw,n) 

(l + cos2(5//,))2 [\s{y,m^,^)f 
Jo 



(C.21) 



(C.22) 



In the other tower, referred to as the W tower, the masses do depend on v. The 
quantization condition is 



1 



C'{L,mw,n)S{L,mw,n) + 7;'^w,nO'L sin = 



2 
27 



fh 



(C.23) 



The corresponding profiles are 

fL,n — 0(W,nC{x5,m,w,n) 

fi - ^ C'(L,mw,n) . 

jR,n - -<^W,n OUT ^ T^\Xr,,mw,n) 

b {L, mw,n) 

ri ^/2cos{v/ fh)C'(L,mw,n) Of n 

sin{v/fh) S'{L,mw,n) 

{aw,n) = / \[C{y,mw,n)] - ^ xy/r ^ AS{y,mw,n)] \ (C.24) 

There is a hght solution of the quantization condition proportional to fh sm{v/ fh)- This is 
the W boson. 

Neutral 

The neutral gauge bosons are combinations of L^,R^ and C^'^ and X^. Three of them 
have -u-independent masses. One is along the same group space direction as the Higgs vev, 
hence we refer to it as the Higgs tower. The quantization condition: 

S{L,mH,n)^0 (C.25) 

The profile 

fc,n^ (^H,nS{x5,mH,n) {oiH,n)~'^ ^ [S{y,mH,n)? (C.26) 

^0 

There is no light (mode) in this tower. 

Another is called the photon tower. The quantization condition: 



C'{L,m^,n) = (C.27) 



The profiles 



fR,n = S^COs9wOiy,nC{x5,my^n) 
fx,n = C^COs9wa^,nC{x5,m^^ri) 

ia^,n)-^ - / [Ciy,m,,n)? (C.28) 
Jo 

The photon tower includes a masslcss eigenvector: the photon. 

There is the Z tower, which is similar to the W tower and has no light mode. The 
quantization: 

S'{L,mz,n)-0 (C.29) 
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The profiles 

/|,n = -Cxa z, n^y^ C0S{V / fh)S{x5,mz^n 

fx,n = S^az,n'y^COs{v/fh)S{x5,mz^n) 

fc,n = C^aZ,nSM^/fh)S{x5,mz,n) 

iaz,J-' = {l + cos\v/h)-sls\n\d/h)f j [5(y,m^,J]^ (C.30) 



Finally there is the Z tower, where masses are sensitive to v. The quantization condi- 
tion is very similar to that of the W-tower, 

cos^ OwC\L, mz,n)S{L, mz,n) + ^"^2,™%^ sin^ (^J-^ ^ (C.31) 
the difference being the cosine of the Weinberg angle. The profiles 

= cos 9w(yz,nC{x5,mz,n) 

= -Sx sin ewaz,nC{x5, mz,n) - cl cos6'vyQ;z,n ^,!f ' >5'(x5, mz,n) 
f -a ni ^ I • C'{L,mz,n) r,/ \ 

JX,n = -Cx Sm Ow^Z^nC [x^, mz,n) + Sm OwOLZ,n-^;77Z r>S [X5, mz,n) 

S'{L,mz,n) 

r3 a V2cos{v/fh) C'{L,mz,n) ^ 

sm(f//,,) S'{L,mz,n) 

-2 _ \ \ni \^2 C'{L,mz,n)C{L,mz,n) ,r<, ..2 



The Z boson is the lightest solution of the quantization condition with the mass propor- 
tional to fhsm{v/fh). 

We move to discussing the profiles of the Goldstones corresponding to the electroweak 
gauge bosons. The Goldstone profiles at zero vev are simply related to the corresponding 
gauge profiles, see eq. (15.101) . The Goldstones eaten by W and Z have the following profile 

fL,w = <ywm^C'{x5,mw) 

Jr,w = -"w'^TTT rm^S{x5,mw) 

o [J^, Tn\Y ) 

fc,w = -'^w — . f~/r g,/. rm^yS {X5,mw) 

sm{v/ fh) S'{L,mw) 

fl z = cos 9wazm~^C'{x5,mz) 

JRZ = -Sx sm OwOizniz C (xs, mz) - cos Owo^z^n^rrT \^z ^ (^5, "^z) 

•J {-l^,mz) 

fx,z = -Cx sin ewazmz^C'{x5, mz,n) + sin ' "^^j ^z^'5"(3^5, ^z) 

S'{L,mz) 

13 a V2cos{v/fh)C'{L,mz),, . , . 

fc,z = -cosOwaz — . i~ If rS {x^,mz) (C.33) 

sm{v/ fh) S'{L,mz) 
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Expanding the warped trigs for a small m yields the approximate expressions (I5.19p . 

These approximate profiles allow us to determine the resonance couplings. The general 
formula for the charged ones is 

9C,n = 9"/L Jq {fL,nfL,zfL,W + fR,nfR,zfR,W + 1 (/i,n + /l?,n) fc,zfc,W 

~^kfc,n {fL,Z + fc,W ~ \fc,n {fL,W + fR,w) fc,z} (C.34) 

(no summing over i here). For the neutral ones, 

9N,n = {fL,nfL,wfL,W + fR,nfR,wfR,W + 1 (/l.n + /l,n) fc,wfc,W 

fc,n {fL,W + fR,w) fc,w} (C.35) 

Inserting the approximate Goldstone profiles and the exact profiles of vector resonances 
we obtain the couplings 

VLj.'^a-^y) {C{y,mw,n) - ^H.,n)(l - 4(1 " v/L))} 
9w,n-^^—_ 7-^- — ^ TTT^ (C.36) 
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v^""' + cos\v/h) - si sin\v/fh 
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^ \ L A \ L 1^/2 

The Higgs tower does not couple to the electroweak Goldstones. 
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